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Abst rac t - -We present several results pointing out that appropriate concepts of closeness between 
exact solutions and their discretization approximation depend on the inner structure of the underlying 
differential equations. In many cases, especially if function r is not bounded, the exact solution 
segment {O(t,x) C 1~ m [ t E [0, T(~C))} is suggested to be compared with a ~a(h, .)-invariant (i.e., 
overflowing-invariant wi h respect o the one-step discretization mapping ~(h, .)) curve starting at 
some point J (x)  E p~m. Properties like continuity, surjectivity, bijectivity, and nearness-to-identity 
of the assignment x --~ .Th(X) are also considered. 
geywords - -One-s tep  discretization, Structural stability, Invariant curve. 
1. INTRODUCTION.  THE CASE WITHOUT PERIODIC  ORBITS 
Consider the ordinary differential equation 
= f(x), z e N (1) 
where Af C R m is an open neighbourhood of the Euclidean unit disc 7) = {x E R m I Ix[ < 1} 
and, with some integer p > 2, function f : Af --* R m is of class C p+I. 
Let • denote the local solution flow on Af. Throughout  this paper, we assume that  7) is 
positively invariant for (I) and that  07), the boundary of T), is transversally cut by the trajectories. 
We consider also a C p+l mapping ~ : [0, h0] x Af --~ R m where h0 is a positive constant and, as 
usual, the C p+I property of ~ on [0, h0] x Af is understood as the existence of a C p+I extension 
defined on an open neighborhood of [0, h0] × A/" in R × R m. Our basic assumption on ~ is the 
existence of a positive constant/30 and of a compact neighborhood A4 of 7:) in Af such that  
I(~(h, x) - ~(h, x)l <_ ~oh p+I, for all h E [0, h0], x c A/[. (2) 
Further, we require that  ~(h, x) = x whenever f (x )  = 0 and finally, we assume the existence of a 
continuous function 77 : [0, h0] --* R + with the properties that  7(0) = 0 and that,  for all x c A/I, 
~(h, z) depends only on the restriction of f to the set {y E R m [ Ix - y[ < ~(h)}, h E [0, h0]. 
As an easy consequence of (2), there exists a positive constant ~1 such that  
[(I)~(h, x) - ~(h ,  x)[ < ~lh p, whenever h e [0, h0], x e A4 
showing that  ~(h,-)  is a Cl -smal l  perturbat ion of O(h, .), h e [0, h0]. (On CLcloseness between 
the solution flow and its ~-approximat ion over finite t ime intervals; see [1, Lemma 3.1].) It is also 
worth noting that,  for all h sufficiently small, say h E [0, h0], ~(h, .) is a C p+I diffeomorphism 
of A/I to ~(h, fl/[) [2, Remark 3.7]. In particular, the k th iterate ~k(h, x) of x under ~(h,- )  makes 
sense for some negative integers, too. 
In what  follows, we compare two discrete-time local dynamical  systems on 7). The first one 
is induced by the iterates of the t ime-h-map (I)(h, .) of the local solution flow. The second one 
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is what we call the h-discretized system and is nothing else but the system of the iterates of 
the mapping w(h, .), h E [0, h0]. Obviously, all the assumptions above are satisfied if ~ comes 
from a one-step (general r-stage explicit or implicit) Runge-Kutta method of order p. Thus, any 
observation concerning the relationship between ¢(h, .) and ~(h, .) can be interpreted as a result 
on how the phase portrait of (1) is reproduced by numerical/discretization approximations. 
DEFINITION 1.1. We say that (1) is structurally stable on D if there is a positive constant ~ with 
the following property. Given a C 1 function g : Af -~ R m satisfying 
sup {]g(x)l + Ig'(x)] ] x e J~} < ~, 
there exists a homeomorphism TI : D --* TI(D) c AA such that ~(D)  is positively invariant with 
respect o the ordinary differential equation 
= f (x )  + g(z), x c Af (3) 
and, preserving time-orientation, ?-I maps each trajectory of • in l) onto a trajectory of • in 
7-l(D) where k~ denotes the local solution flow of (3). 
The concept of structural stability is fundamental in differentiable dynamics and is through- 
outfully discussed, e.g., in [3]. The geometric meaning is that the phase portrait cannot be 
dramatically changed by Cl-small perturbations of (1). If there are no periodic orbits, then 
time-reparameterization is not necessary and 7-/can be chosen in such a way that (cf. (4)) 
~(¢(t ,  x)) = ~(t, 7-/(x)), for all (t, x) • R x /9  with ¢(t, x) • D. 
The disc :D itself plays no essential role and can be replaced by various compact subsets of R m. 
What really counts is that (1) gives rise (via stereographic projection, by making the point at 
infinity to be a repulsive quilibrium) to a structurally stable vector field on an m-dimensional 
sphere. Structural stability is usually defined for smooth vector fields as well as for diffeomor- 
phisms on compact manifolds. As a diffeomorphism, the time-h-map of the solution flow of a 
structurally stable vector field is structurally stable if and only if there are no periodic orbits. 
For details, see [3]. 
THEOREM 1.1. [2, Theorem]. Let p >_ 3 and assume that (1) is structurally stable on 13 and has 
no periodic orbits. Then there exists a positive constant K and, for all h sufficiently sma11, say 
h E [0, h0], there exists a homeomorphism 7-l : D ~ ~h(D)  C A4 such that 
~h(O(h, x)) = ~ (h, ~h(x))  whenever x • D, (4) 
and 
[7-/h(X) -- x[ _< Kh p whenever x • D. (5) 
REMARK 1.1. In virtue of elementary properties of the Brouwer degree, inequality (5) implies 
that 
~h(D) D {x E R m I lzl < 1 - KhP}.  
Theorem 1.1 above fits well in the rapidly growing list of results tating that, for stepsize suffi- 
ciently small, certain geometric onfigurations (transversal nd hyperbolic structures like stable 
and unstable manifolds of saddle points, exponentially stable periodic orbits, level surfaces of 
Liapunov functions etc. of ordinary differential equations) are correctly reproduced by discretiza- 
tion. For a survey of this development, see [4]. Geometrically, Theorem 1.1 means that, in case 
of structurally stable differential systems on :D without periodic orbits, up to a coordinate trans- 
formation O(hP)-near to the identity, the h-discretized system is the same as the original one. In 
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particular, all qualitative properties are preserved under discretization. The proof of Theorem 1.1 
is based on hard perturbation techniques of differential topology. Case m = 2 of Theorem 1.1 
has been proved earlier by fairly elementary methods [5]. 
The aim of this paper is to discuss if and how Theorem 1.1 can be saved when also periodic or- 
bits axe allowed. We present several partial results, examples, counterexamples and conjectures. 
As we shall see, the core of the whole problem is that the standard equivalence notions of differ- 
entiable dynamics are rather incompatible with discretizations. A special tribute will be given to 
embeddings into continuous-time dynamical systems. Embeddability is needed because the time- 
reparameterization principle (time-reparameterization al g trajectories i what the concept of 
equivalence in Definition 1.1 is based on) requires continuous-time dynamical systems and does 
not automatically apply to discretizations. 
REMARK 1.2. Our first example of an embeddability result is Theorem 1.1 itself. In fact, with 
s(x) = inf{s <_ 0 I ¢(s,7"lhl(X)) E 7)}, formula 
vh(t, x) = uh (t ,u;x(x)))  
makes sense for all (t, x) E [s(x), c~) × 7-/h(7)), defines a continuous-time local dynamical system 
on 7"/h(7)), and satisfies qth(h,x) = ~(h,x) for all h E (0, h0], x E 7-/h(7)). Further, as an 
immediate consequence of (5), 
[qYh(t,x) -- O(t,7"/hl(X))] _< Kh p whenever t E Is(x), co). 
Thus (at least under the conditions of Theorem 1.1), instead of the sequences of iterates 
{vk(h,x) E T/h(7)) I kh >_ s(x)} and {~(kh,?-lhl(X)) E 7)[ kh > s(x)}, 
we may compare ~(h, .)- and (I)-invariant curves, h E (0, h0]. This is a conceptual improvement 
over what is called backward error analysis [6] and shadowing [7] in numerical ordinary differential 
equations. 
2. THE CASE WHEN ALSO PERIODIC  ORBITS ARE ALLOWED 
A periodic orbit F of (1) in 7) is called hyperbolic if none of its Floquet multipliers lie on the 
complex unit circle C. If all Floquet multipliers are contained in the interior (exterior) of C, then 
F is called exponentially attractive (repulsive). 
Let A and B be bounded subsets of R m. For each x E R m, the distance between x and A is 
defined as d(x, A) -- inf{Ix - a[ I a E A}. The Hausdorff distance between A and B is defined as 
dH(A,B)  = max{sup{d(x ,A)  l x E B} ,  sup{d(x,B)  [ x E A}}. 
THEOREM 2.1. Let m = 2, and assume (1) is structurally stable on 7). Further, assume that 
comes from a one-step (general r-stage explicit or implicit) Runge-Kutta method. Given ~ > O, 
there exists a ho(~) > 0 with the properties as follows. For all h E (0, h0(~)], there exists a 
bijection ~h,~ : 7) --* ]Ch,~(7)) C ~¢I mapping each trajectory of • in 7) onto a ~(h, .)-invariant 
curve in ~h,~(7)). Moreover, for each trajectory ~ of ¢ in 7), 
d~ (% ~h,~(~)) < ~. (6) 
PROOF. By standard results on planar structural stability, (1) has a finite number of periodic 
orbits, say F1, F2, . . . ,  Fn, all exponentially attractive or repulsive. For i = 1, 2 , . . . ,  n, let V~ be a 
closed tubular e/2-neighborhood f F~ in 7). There is no loss of generality in assuming that Vj n 
Vi = @ whenever j ¢ i, 0Vi is transversaily cut by the trajectories and F~ is the maximal compact 
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invariant set in Vi, i = 1,2, . . .  ,n. It is not hard to construct a C p+I function fe :A / - *  l~ 2 such 
that f~(x) = f(x)  whenever d(x, UFi) > e/4 and that the ordinary differential equation ~ = re(x) 
has no periodic orbits and is structurally stable on :D. (We can do this, e.g., by modifying f near 
U Fi in such a way that no saddle connections are created and that the maximal compact invariant 
set in Vi is a four-trajectory-configuration consisting of two equilibria (the one is a saddle and 
the other is exponentially attractive or repulsive according to the attraction/repulsion property 
of Fi) plus of the two connecting separatrices, i = 1, 2 , . . . ,  n.) 
Applying Theorem 1.1, there are positive constants h0(e), K(~) and, for all h E (0, h0(c)], there 
exists a homeomorphism ?-/h,e : :D --+ ~h,~(:D) C A4 such that 
~h,~(~(h,x))  = ~(h,~ih,~(x)), for all x E :D, (7) 
where Oe is the solution flow of 5: = f~(x), mapping ~ : [0, h0(s)] x Af --~ R 2 comes from the 
application of our Runge-Kutta method to ~ = f~(x) and 
I~'~h,e(X) -- x l  ~ K(~)h p, for all x E :D. (8) 
Now we are in a position to define tZh,~. For brevity, we write Q = :D\ U V~. 
For z E Q, set ]Ch,e(x) = Tlh,e(x). Suppose now that x E V~\F~ for some i E {1,2, . . .  ,n}. 
Then (provided ~ is sufficiently small) x -- ~(kh, Yk) for some k E Z, Yk E Q. Set ]Ch,~(x) = 
~k(h, 7-~h,e(yk)). It is important o note that tZh,e(x) does not depend on the particular choice 
of k. In fact, since {t E R ] OCt, x) E Q} is an interval, it is enough to consider neighbouring 
integers. Assuming x = O((k + 1)h, Yk+l) for some Yk+l E Q, a consecutive application of (7),(8) 
and of the restriction property of ~(h, .) yield that 
~k (h, ?-lh,~ (Yk)) = ~k (h, ~ (h, 7-lh,~ (~ ( -h,  Yk)))) 
-_ ~k (h,9)(h, ~h,e (Yk+I))) ---- ~k+l  (h, Tlh,~ (Yk+I)) • 
It remains to define ~h,~(x) for x E UFi. Using an important result of Beyn (recalled as 
Theorem 2.2 below), ]Ch,e IT)\ u F~ is a homeomorphism of :D\ U F~ onto ?-/h,~ (:D)\ U F h where F h 
is a ~(h, .)-invariant simple closed curve in Vi satisfying dg(F~, F h) _< Lh p with some constant L
(independent of h and e), i = 1 ,2 , . . . ,n  and h E (0, h0(c)]. We do not specify ]Ch,e ] UFi but 
require only that ]Ch,e I F~ be a homeomorphism of Fi onto F h, i = 1, 2 , . . . ,  n. (There is no hope 
to define tZh,e I UF~ in such a way that makes Eh,~ continuous on :D. The difficulties are discussed 
in Remark 2.1. See also Conjecture 2.1.) 
It is easy to check that ~:h,~ has all the desired properties. Moreover, in line with Re- 
mark 1.1, tZh,~(:D) D {x E R 2 I Ixl -< 1 -K(~)hP}.  Inequality (6) itself, provided h0(~) is 
small enough, follows from the simple estimates dH('~ N Q,~h,e('~ N Q)) <_ K(e)h p (cf. (8)) and 
dH(~/\Q, ]Ch,~(~\Q)) <_ K(~)h p + ~/2 + Lh ~. 
THEOREM 2.2. [8, Theorem 2.1]. Let F be a hyperbolic periodic orbit of (1) in T). Then 
there exists a positive constant L and, for all sut~ciently small h, say h E (0, h0], there exists 
a ~(h, .)-inv~ria~t simple dosed C p curve F h with dH(F, F h) <_ Lh p. Further, for some dosed 
neighborhood V of f  in T), F h is the maxima/compact invariant set for ~(h,-) in V, h E (0, h0]. 
Actually, due to a result of Eirola [9, Theorem 2], F h is O(hP-Y)-near to F in the C ~ topology, 
j = 0, 1,. . .  ,p and, as it is announced in [10], F h is a normally hyperbolic ompact invariant 
manifold for the diffeomorphism ~(h, .), h E (0, h0]. (In his original paper, Beyn [8] has worked 
in the "C ~ plus Lipschitz derivatives" category.) In what follows, we say that F h is a Beyn-Eirola 
curve for ~(h,.). 
Consider now the dynamics of ~(h, .) on r h, h E (0, h0]. Its rotation number is denoted by ph. 
The defining property is that, for all x E F h, the average angle turned through by x under 
infinitely many iterates of ~(h, .) is 2~r. ph. For the precise definition as well as for all properties 
of the rotation number we use in the sequel, see [3]. 
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EXAMPLE 2.1. Let F be a hyperbolic periodic orbit of (1) in :D. The rotation number of (I)(h, .) 
on F is clearly T- lh  where T is the period of F. Set ~(h, .) = (I)(h(1 + hP),.), h E [0, h0] and 
observe that all conditions listed in the third paragraph of Section 1 are satisfied. Since F h = F 
and ph : T- lh(1 + hp), assuming T is rational we may choose an irrational number u E (0, h0] 
such that p~ is rational. By standard properties of the rotation number, it follows that all points 
of F are aperiodic under (I)(u,-) but ~(v, .) has a periodic point on F ~ = F. In particular, no 
conjugacy relation of the form (3) can hold true on F. What is even worse, except when all points 
on F ~ are periodic under ~(u, .), the mapping ~(u, .) does not embed in a continuous-time flow 
on F ~. Time-reparameterization will not help, either. 
EXAMPLE 2.2. Let F be a hyperbolic periodic orbit of (1) in :D and assume that, for some 
# E (0, h0], p~ is irrational. Then time-reparameterization helps. In fact, by the Denjoy property 
of rotation numbers, ~(#,.) is a generalized rotation on F ~ and there are a constant b = b(#) 
and a homeomorphism £:~ : F -~ F" such that £,((b(btt, x)) = ~(#, £ , (x ) )  for all x E F. In 
particular, ~(#, .) [ F ~ embeds (as its time-#-map) into the continuous-time dynamical system 
defined by 
eAt ,  x )=£~(¢(bt ,£~l (x ) ) ) ,  tea ,  xEr  ~. 
Now we return to Theorem 2.2 and assume that F is exponentially attractive. Following 
Beyn's original approach, we pass to a contractive coordinate system (0, w) along F. Contrac- 
tivity means the existence of positive constants ~, M and A with the properties as follows. The 
(0, w)-representation f V is contained in the set 
where T is the period o f f  and II" ]] is a norm on R m-l ,  suitably chosen. Let c be a simple closed 
curve in A~I and assume its (0, w)-representation uc exists and belongs to the set 
WT(e, M) = {u : R ~ R m-1 I u is T-periodic and satisfies 
I]u(0)[[ _< ¢ and [lu(~) -u(~})[[ _< M[~-  ~}[ for all 0,/} E R}. 
Then, for all h E (0, h0], the (0, w)-representation U~(h,c) of the simple closed curve qv(h, c) also 
exists and belongs to WT(¢, M). If u E WT(e, M), then u = uc for some simple closed curve c 
in A/I. Finally, given any pair of simple closed curves c, ~ in M with u~, ua E WT(e, M), we have 
that (see [8, inequality (2.32)]) 
[[[U~(hx) -- U~(h,~)l][ _< (1 - Ah)[i[u~ - u~[I[, (9) 
where [][. ][] is the supremum norm in WT(¢, M). In particular, inequality (9) holds true in the 
special case qa = ~. 
Thus, both 5 rh : uc -~ U~(h,~) and G h : uc --~ U~(h,~) are contraction mappings on the complete 
metric space WT(¢, M), and Theorem 2.2 (in the special case when F is attractive) is a direct 
consequence of the parameterized contraction mapping principle [8]. The fixed points are the 
(0, w)-representations of F and F h, respectively. With F, F h is also exponentially attractive, for 
all h E (0, h0]. 
Now we depart from Beyn's argumentation. We apply the main result in [11] (valid in the 
vicinity of general compact attractors in Rm). Assuming V is positively invariant, there exists a 
C p+I diffeomorphism 7-/h : V\F --* )'/h(V\F) such that F h U 7-/h(V\F) is a closed neighborhood 
of F h in A,t, Tlh(O(h,x)) = ~(h, Tlh(X)) whenever x E V\F and, last but not least, given any 
compact subset S of V\F,  there exists a positive constant K(S) with the properties that tT-lh(X) -
x[ < K(S)h p and 1(7-lh(X)-x)'[ < K(S)h p-1 for all x E S, h E (0, ho]. (If the rotation numbers of 
O(h, .) on F and of ~(h, .) on F h are different, then sup{17-/h(X) -- x I [ x E V\F} is approximately 
equal to the diameter of F.) 
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Our next aim is to show that 
dH(~/(x), 7"lh(7(x))) <_ Lh p, for all x E OV, h E (0, h0], (10) 
where 7(x) denotes the C-trajectory through x in V and so 7-lh('y(x)) is a ~o(h, .)-invariant curve 
through ~h(X). Set P = {¢(t ,x)  E R m I t E [0,8T/9]}. Choose the simple closed curves c 
and ~ in such a way that c D P, ~ D 7"(h(P) and Uc,U~ E WT(~,M),  IliUc - u~II -- O(hP). 
The geometry behind is that c starts at x with a very long (I)-invariant portion and similarly, 
starts at 7-lh(X) with a very long ~o(h, .)-invariant portion. With i(h) denoting the integer 
part of l /h,  set X = WT(e,M) ,  F = (~:'h)i(h), G = (~h)i(h), YO = Uc, ZO = U~. Observe 
that ]]lF(x) - G(x)l]l = O(h p) for all x E X and apply the following claim which is completely 
elementary. 
CLAIM. Let (X, d) be a complete metric space and let F, G : X ~ X be contractive with constant 
q < 1. Assume that d(F(x), G(x)) <_ ~ for all x E X. Then, starting from Y0, z0 E X arbitrarily 
chosen, 
d (Yk, Zk) <_ qkd (Yo, Zo) + (1 -- q)-lgt, for all k E N 
where, recursively, Yk+l = F(yk) and Zk+l = G(zk), k E N. 
The conclusion is that sup{iiIFk(uc) -Gk(u~)II l I  k E N}  = O(hP). The invariant portions of c 
and 5 are long enough to imply, for all k E N, the existence of a Oo = Oo(k) E [0,T) such that the 
pair (80, (Fk(uc))(00)) E R x R rn-1 is the (~, w)-representation f a point on 7(x) and similarly, 
the pair (00, (Gk(ua))(Oo)) E R x R ra-1 is the (0, w)-representation f a point on 7"lh(7(z)). 
Inequality (10) follows now from standard estimates over uniformly finite time intervals. 
The (8, w)-coordinate system establishes a time-reparameterization al g the ~o(h, .)-invariant 
curves and leads to the following result. 
THEOREM 2.3. Let F be an exponentially attractive periodic orbit of (1) in l). Then there exist 
a constant L and a positively invariant closed neighborhood V of F in D with the properties as 
follows. For aft h suf~ciently small, say h E (0, ho], there exists a homeomorphism ]Ch : V --* 
]Ch(V) C A4 mapping each trajectory of • in V onto a ~o(h, .)-invariant curve in ]Ch(V) and 
satisfying inequality ]]Ch(x) - x] < Lh p, for all x E V. Finally, in agreement with Remark 1.1, 
dH(V,~h(V))  <_ Lh p, h E (0, h0]. 
We ask if a similar result holds true for general hyperbolic periodic orbits. 
Our method of proving inequality (10) yields that, for all x E V and h E (0, h0], dg("/(x), 
7-/h('y(~/hl(X)))) < Lh p. In particular, 
sup {d(~ok(h,x),{O(t,x) E R m It > 0}) I k -- 0,1,2, . . .} < Lh p. (11) 
By a factor of L(~7)h n (ff > 0 is arbitrary), (11) is better than [S, inequality (3.3)]. 
REMARK 2.1. We return to the proof of Theorem 2.1 and assume that F = F1 is attractive. 
Fix an x E VI\F and set Fro(x) = ~.h,e(~l(X)). By the construction, Fie(x) is a ~o(h, .)-invariant 
curve. Though Fro(x) spirals around F1 h, it may contain (infinitely many) short S-shaped crooks. 
Mathematically, a "crook" is a small portion of FN(x) whose (O,w)-representation is not the 
graph of a function. The possible xistence of an accumulation point of such crooks is the reason 
why the bijection t:h,e cannot be made continuous. The bijection Eh,~ is not the first example of 
a discontinuous pairing in numerical ordinary differential equations. Also Beyn's assignment [12] 
between exact and numerical solution segments in the vicinity of hyperbolic equilibria is discon- 
tinuous. (An improvement of Beyn's original constructions leads to a continuous assignment [2, 
Theorem 3.1].) 
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All considerations above suggest hat appropriate closeness and/or equivalence concepts be- 
tween exact and numerical solutions depend on the inner structure of the underlying differential 
equation. The exact solution through x has to be compared with the numerical solution through 
some Jh(X). In all of our examples above, the surjectivity property of Jh (i.e., of ?-/h, K:h,~, £:+,, 
K:h; Remark 1.1 and its counterparts) brings a symmetry into the whole problem: exact and 
numerical solutions are mutually shadowing each other. 
We have not explicitly discussed the subject of shadowing in this paper. (This is an enormous 
area and there is not room here to do it justice. See the corresponding references in [4, Section 7]. 
(References [1-3,7] concern some aspects of shadowing, too.) The concept of shadowing certainly 
will play an increasingly important role in computer-assisted rigorous chaos verifications. 
We conclude this paper by presenting a conjecture in a nonchaotic situation. Its affirmative 
solution would be a common generalization of various results in [4] as well as of Theorems 1.1, 
2.1-2.3. 
CONJECTURE 2.1. Assume that (1) is structurally stable on 7) and has a finite number of periodic 
orbits. Then there are positive constants ho, K and, for all h E (0, h0], there exists a homeomor- 
phism 7-lh : 7) --* 7-lh(7)) with the properties as follows. Homeomorphism ~lh satisfies inequality 
I?'lh(X) -- xl <_ Kh  p for all x E 7) and, preserving time-orientation, it maps each trajectory of ¢ 
in 7) onto a ~(h,.)-invariant curve in 7"lh (7)). The collection of these ~(h,.)-invaxiant curves is 
identical to the system of trajectories of some local dynamical system @h on Hh(7)). In addition, 
ff the rotation number of ~(h, .) on each Beyn-Eirola curve is irrational, then ~h can be chosen 
to sat is~ ~(h, .) = k~h(h, .). 
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